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Let M,(K) be the space of all n x n matrices over a field K. Two classical 
types of transformations f on M,(K) are the equivalence transformations, 
f(A I= PAQ, 
where P, Q are invertible matrices, and the transpose transformation 
f(A)=A'. 
It was shown by Frobenius in 1897 [2] that every bijective linear map on 
M,(K) which preserves the determinant function is an equivalence transfor- 
mation or the composite of an equivalence transformation with the trans- 
pose transformation. A theorem of Dieudonne [ 1 ] shows that, in fact, this 
is true for the linear maps which preserve the set of singular matrices, and 
Marcus and Moyls [4] showed that the same holds for the bijective linear 
maps which preserve the set of matrices of rank 1. 
These results have been extended, first by James [3] to the case when K 
is any integral domain, and then by Waterhouse [7] and McDonald [S] 
to the case when K is any commutative ring, with suitably generalized 
notions of rank 1 matrices, equivalence transformations, and transpose 
transformations. 
A start was made on the case of noncommutative base rings in the 
author’s paper [8], where maps preserving rank 1 matrices were deter- 
mined in the situation where K was replaced by a finite-dimensional 
division algebra R. This work was extended in [9] to the case where R is a 
primary algebra, that is, the Jacobson radical J(R) is a maximal ideal, and 
idempotents of R/J(R) lift to idempotents of R. 
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In this paper we give an extension in another direction, to maps on 
spaces of linear transformations over semisimple algebras, preserving trans- 
formations of local length 1, a notion defined in [9] as an extension of the 
property of having rank 1. We also generalize Dieudonn?s theorem by 
determining the maps preserving the set of “locally singular” transfor- 
mations. 
In Section 1, we formulate the “local length 1 preserver problem” in the 
noncommutative setting, and define appropriately generalized notions of 
equivalence and transpose transformations, in order to state a “standard 
solution.” In particular, equivalence is generalized in terms of functors 
giving equivalences between categories of modules (Morita equivalence). 
We show that if the standard solution holds over an algebra R, then it 
holds over algebras which are Morita equivalent to R. 
In Section 2 we prove that, for semisimple algebras, the local length 1 
preserver problem has the standard solution (Theorem 2.3). A “local-to- 
global” argument is used, in order to apply the division algebra results of 
C81 or C91. 
Finally, in Section 3 we generalize Dieudonnt’s theorem to the case of 
linear transformations over semisimple algebras, by showing that the maps 
preserving locally singular transformations also preserve transformations of 
local length at most 1, so that the results of Section 2 apply (Theorem 3.4). 
1. THE NONCOMMUTATIVE SETTING 
We take a commutative ring K, which will be fixed through the rest of 
the paper. By an algebra, we will always mean an algebra R over K which 
is finitely generated as a K-module. By an R-module, we always mean a left 
unitary R-module, and we write R-mod for the category of all R-modules. 
If V, W are R-modules, then Hom,( V, W) is a K-module. If R, S are 
algebras, functors F from R-mod to S-mod will always be assumed to be 
K-linear in the sense that they give K-linear maps Hom,( V, W) + 
Hom,Y(F( V), F(W)), for R-modules V, W. 
The dual V* = Hom,( V, R) of an R-module V is a module over the 
opposite algebra R*, that is, R with its multiplication reversed. Each 
element x of Hom,( P’, W) defines a transposed element x* of 
Horn,& W*, V*). 
If V is an R-module and I is a maximal ideal of R, we define the length 
m,( V) of V at I to be the length of a composition series of V/IV, or co if no 
such series exists. We say that V has focal length 1 if m,(V) = 1, for every 
maximal ideal I of R. Similarly, we say that V has local length at most 1 if 
m,(Y) < 1, for every maximal ideal Z, while V has local length greater than 
1 if m,( V) > 1, for every maximal ideal I. 
181.115,2-Y 
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If V, W are R-modules, and x E Hcm,( V, W), we say that x has local 
length 1 if its image is a direct summand of W which is of local length 1. In 
the case where R is commutative, and V, Ware finitely generated projective 
modules, this coincides with the usual notion of rank 1 [6]. Similarly, we 
say that x has local length at most 1 if its image is a direct summand of W 
which is of local length at most 1. 
These local length notions are invariant under Morita equivalence. The 
following result was (essentially) proved in [9]. 
PROPOSITION 1.1. Let R, R’ be algebras, and let F: R-mod -+ RI-mod be 
a functor giving an equivalence of categories. Let V, W be R-modules, 
x E Hom,( V, W). Then, 
(i) V has local length 1 (respectively, at most 1, greater than 1) if and 
only lf F( V) has local length 1 (respectively, at most 1, greater than 1). 
(ii) x has local length 1 (respectively, at most 1) if and only if F(x) has 
local length 1 (respectively, at most 1). 
We shall consider triples (R, V, W) satisfying the condition 
(A) R is an algebra, and V, W are finitely generated projec- 
tive R-modules of local length greater than 1. 
We can now formulate the 
Local Length 1 Preserver Problem. 
Let (R, V, W), (R’, v’, FV’) satisfy (A). Determine the bijective K-linear 
maps 
f: Hom,( V, W) + HomJ v’, W’), 
such that f(x) has local length 1 if and only if x has local length 1. 
By Proposition 1.1 (ii), each category equivalence F: R-mod -+ RI-mod 
gives such a map, which can be thought of as a generalized equivalence 
transformation, as follows. 
PROPOSITION 1.2. Let R, R’ be algebras, let V, W be R-modules, and let 
V’, w’ be R’-modules. Assume that V# W. Suppose that there exists an 
algebra isomorphism o: R -+ R’, and a-semilinear isomorphisms g: V + V, 
h: W + w’. Then there exists a jiunctor F: R-mod + RI-mod, giving an 
equivalence of categories, such that 
hxg- ’ = F(x), 
for all x in Hom,( V, W). 
ProoJ If G: R-mod + RI-mod is a functor, and for each R-module U 
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there is defined an isomorphism y, of G(U) on another R’-module, then it 
is easy to check that 
F(U)= .vc,(G(W), 
F(x) = y,G(x) .v;‘, 
(x E Hom,( U, Z)), defines another functor F: R-mod -+ RI-mod, which is 
naturally isomorphic to G. 
Here we define G(U) to be U itself, with the action of elements of R 
transferred by means of cr to an action of elements of R’, and each 
R-homomorphism x then becomes an R’-homomorphism, so that we can 
define G(x) to be x itself. We set yL, = 1 G(L,,r if U # V, IV, and yr, = g, 
?’ cy= h. The resulting functor F is a category equivalence, since it is 
naturally isomorphic with the category equivalence G, and F(x) = hxg i, 
for x in Hom,( V, W). This proves the proposition. 
The hypothesis V # W of the proposition is not very serious, since V can 
always be replaced by an isomorphic copy of itself. If V = W, the con- 
clusion is that there exist a functor F and a isomorphism p: I/’ + F(V), 
such that h.ug-’ = F(x)p, for all x in Hom,( V, W). 
The transpose transformation can also be generalized. If R is expressed 
as a direct sum of ideals, 
R= R,@R, 
(possibly trivially), then R-modules have corresponding decompositions 
v= v,o vz, w= W,@ wz, 
where Vi= R, V, Wj= Ri W, i= 1, 2. Also, 
where Hom.,( Vi, Wi) is identified with a subset of Hom,( V, W) in the 
obvious way. Form 
R” =R,@R;, v=v,ow:, W#= W,@V$ 
Then, I/# and W# are R#-modules, and we call (R#, V#, W#) a twist of 
(R, V, W). (If V= W, then V” = W#, and we say (R#, V#) is a twist of 
(R, V).) If x E Hom,( V, W), and 
x=x1+x,, 
where SiE Hom,( Vi, W,), i= 1, 2, then 
x#=x,+xZ 
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is an element of Hom,+( V#, W# ), which we call the twist T,#(x): 
T,*(x) =.I-1 + XT. 
In each case studied so far, the local length 1 preserver problem has had 
the following 
Standard Solution 
There exist a twist (R#, I/#, W” ) of (R, V, W), a category equivalence 
F: R#-mod + RI-mod, and an isomorphism p: V’ + F( V# ), such that 
.0-x) = F(T,#(-x)) P, 
for all x in Hom,( V, W). 
We remark that if V # W and the standard solution holds, then we can 
modify the functor, as in the proof of Proposition 1.2, to obtain the simpler 
form f(~) = F( TR#(.y)). In proving that the standard solution holds in a 
given situation, we can always assume that Vf W. 
If the standard solution holds, then F is given in terms of an invertible 
(R”, R’)-bimodule. Such a bimodule occurs in a different way in the work 
of McDonald on the commutative case [5]. In fact, McDonald’s result 
(and that of Waterhouse [7]) may be phrased in the following way. If 
K = R = R’, and V = W= V’ = W’ is a free R-module, then the local 
length 1 preserver problem has the standard solution. The same is true if R 
and R’ are primary algebras, by our paper [9]. 
PROPOSITION 1.3. Assume that R, R’ are algebras for which the local 
length 1 preserver problem always has the standard solution. Then the same is 
true for S, S’, where S is any algebra Morita equivalent to R, and S’ is any 
algebra Morita equivalent to R’. 
Proof. The hypothesis on S, S’ means that there are category 
equivalences 
G: S-mod -+ R-mod, G’: S-mod -+ RI-mod, 
given by forming tensor products with suitable bimodules. Suppose 
(S, V, W), (S’, v’. IV’) are triples satisfying the condition (A), and assume 
V # W. Let fbe a bijective K-linear map of Hom,( V, W) on Hom,.( V’,kV’), 
such that f(x) has local length 1 if and only if x has local length 1. By 
Proposition 1.1, (R, G(V), G(W)) and (R’, G’( v’), G’( IV’)) satisfy (A), and 
G(V) # G(W). 
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Since we have isomorphisms 
G: Hom,( V, W) + Hom,(G( I’), G( IV)), 
G’: Hom,.( v’, w’) + Hom.(G’( v’), G’( IV’)), 
there is a bijective K-linear map 
g: Hom,(G( I’), G( IV)) --f Hom,.(G’( V’), G’( IV’)), 
such that g(G(.r)) = G’(f(x)), f or all x in Hom,( V, IV). By Proposition 1.1, 
g(y) has local length 1 if and only if y has local length 1. Since the standard 
solution holds for R, R’, there exists a decomposition 
R=R,@R,, 
giving an algebra R# = R, @RF, and a category equivalence 
H: R#-mod -+ RI-mod. 
such that g(y) = H( T,#(y)), for all y in Hom.(G( V), G( IV)). 
By Morita theory, there is an isomorphism between the lattice of ideals 
of R and that of S, such that, if Z, J are corresponding ideals of R, S, and U 
is an S-module, then ZG( U) = G(JU). Let S,, S, be the ideals of S 
corresponding to R, , R2, so that S = S, 0 S,, giving associated decom- 
positions 
v= VI0 1/z, w= W,@W,. 
Then G( V) = G( Vi) 0 G( Vz), G( W) = G( W,) @ G( W,) are the decom- 
positions associated with the splitting R = R, OR,. If S# = S, @ Sz, then 
S# is Morita equivalent to R#, since S, is Morita equivalent to R,, and 
S,* to RT (since Morita equivalence is left-right symmetric). Hence we have 
a category equivalence 
G#: S#-mod + R”-mod, 
such that, if V# = V, @ W,*, W# = W, @ VT, then 
G#(V#)=G(V,)OG(W~)*r G#(W#)=G(W,)@G(V,)*. 
If XE Hom,( V, W), we can check that TRx(G(x)) = G”( T,+(x)), so that 
G’(f(x)) = g(G(x)) = HG#(T,#(x)). 
Since G’ is a category equivalence, there exists a reverse category 
equivalence E’: R’-mod + S’-mod, such that E’G’ is the identity map on 
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Hom,.(V’, IV’). If F=E’HG#, then F: S#-mod + Y-mod is a category 
equivalence, and 
f(s) = F(T.&)), 
for all x in Hom,( V, IV). This proves the proposition. 
2. THE SEMISIMPLE CASE 
Over a division algebra, local length 1 is the same thing as rank 1 in the 
usual sense. We need a result on indecomposability of the set of rank 1 
transformations. 
PROPOSITION 2.1. Let D be a division algebra, and assume that V, W are 
left D-vector spaces, each offinite dimension greater than 1. Let L be the set 
qf all elements of rank 1 in Hom,( V, W), and let A, B be subsets of 
Hom,( V, W) such that A u (0) and Bu (0) are closed under multiplication 
by elements of K. Suppose that 
Jf lK.l,l >3, then either A=L, B= {0}, or A= {0), B=L. 
Proof: Assume that the result does not hold, so that the sets 
A”=A-(01, B# = B- (0) 
are nonempty. We prove a series of assertions and finally obtain a 
contradiction. 
(1) A#cLandB”cL. Suppose, for example, that A contains an 
element a of rank greater than 1. Choose a 2-dimensional subspace U of V 
such that ZJnkera= (0). Let bEB. IfaEK, a.l,#O, then aaEA, aa+b 
has rank 1, and so U n ker(aa + b) # (0). Thus we can choose 
v(a) E U, v(a) z 0, aav(a) + bv(a) = 0. (*I 
We show by induction that, if a1, . . . . a,,, are elements of K such that 
a,. 1 D, . ..’ a,. 1, are distinct nonzero elements of D, then {u(aI), . . . . v(a,)} 
is linearly independent over D. This is true for m = 1. Assume that 
{ v(a, ), . . . . v(a, ~ , ) ) is linearly independent, and suppose 
,zl B,v(aJ=Q PiED. 
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Applying (*), we see that 
a f pictiv(cr;) 
( 
=o. 
i= I ) 
Since U n ker a = J,O}, it follows that 
Also, C:=, j?icc,u(ai) = IX,,, CT=, bio(ccj) = 0, so that 
m-l 
1 fli(cci - a,) L’(cq) = 0. 
i=l 
Thus, /Ii(a, - c(,~) = 0, i = 1, . . . . nr - 1. Since (IX, - a,) 1 b # 0, it follows that 
fi;=o, i= 1, . ..) m - 1, and so fl,,,u(a,) = 0, so that /?, = 0 also. Thus 
(~(a,), . . . . LJ(E,)} is linearly independent. Since dim U = 2, m 6 2, so that 
I K. 1 n - {O} (d 2, a contradiction. This proves ( 1). 
(2) Zf ueA#, beB#, then kera=kerb=ker(u+b), or imu= 
imb=im(a+b). By (l), u,b and u+b all have rank 1. If kerufkerb, 
choose v E ker u - ker b, and u’ E ker b - ker a. Then, (u+b)u=bu, 
(u+b) \V=UW, so that im u=im b=im(u+b). If ker a= ker 6, then 
ker(u + b) = ker a. This proves (2). 
(3) Either all elements of A# huoe the same kernel or they have the 
same image. It this does not hold, then we can choose a,, u2, a3 in A#, 
such that keru,#keru,, imu,#imu,. IfbEB#, then, by (2), 
kerb=keru, and im b=imu,, 
or, 
ker b = ker a3 and im b=ima,. 
Now (2) implies that, if XE A + B, then 
ker x = ker a, or ker I = ker u3, 
or, 
imx=imu, or imx=ima,. 
Since a vector space of dimension greater than 1 has more than two hyper- 
planes, and more than two l-dimensional subspaces, we can find x in L 
such that none of the last four equations is satisfied. Thus A + B # L. This 
contradiction proves (3). 
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(4) The elements of A # all have the same kernel, and all have the 
same image. Suppose they do not all have the same kernel. By (3), they 
all have the same image I. If b E B#, choose a in A # such that ker a # ker b, 
so that im b = im a = Z, by (2). It follows that, if .Y E A + B, then im x = I. As 
in (3), this contradicts the assumption A + B= L. A similar argument gives 
a contradiction if the elements of A# do not all have the same image. This 
proves (4). 
(5) The elements of A + B all have the same kernel, or all have the 
same image. Let K,, I, be the common kernel and image of the elements 
of A#. Similarly, the elements of B# have a common kernel K, and a com- 
mon image I,. If K, = Ks, then all elements of A + B have kernel K,. If 
K, # K,, then, by (2), Z,, = I,, and all elements of A + B have image I,. 
This proves (5). 
As in (3), the result (5) contradicts the assumption A + B = L. Hence A # 
or B” is empty, and the proposition is proved. 
PROPOSITION 2.2. Let R = D, @ . . . 0 D,, where each Di is a division 
algebra such that 1 K. 1 ,,,I > 3. Let V, W be finitely generated R-modules of 
local length greater than 1, and let V, = Di V, W, = Di W, so that 
v= v, 0 ... 0 v,, w= W,@ ... own. 
Zdentifv Hom.,( Vi, Wi) as a K-submodule of Hom,,J V, W) in the usual wall, 
so that 
Hom,(V, WI= Hom,,(V,, WI)0 ... OHomDn(V,, IV,). 
Let L be the set of elements of local length 1 in Hom,( V, W), and Li the set 
of elements of rank 1 in Hom,,( Vi, Wi). Then 
L=L,+ . ..L”. 
Also if A, B are subsets of Hom,( V, W) such that A v {O} and B v (0) are 
closed under multiplication by elements of K, and L = A + B, then A is the 
sum of some of the Li, and B is the sum of the others. 
Proof The maximal ideals of R are I,, . . . . I,,, where Ii is the sum of all 
D, with j # i. If U is an R-module, U, = Di U, then m,,(U) = dim,, Ui. Hence 
dim, V, > 1, dimD8 Wi > 1. 
If x E Hom,( V, W), x = xl + . .. + x,, where xi E Hom,,( Vi, W,), then 
imx=(im.x,)@ ... 0 (im x,). Since R is semisimple, this is a direct 
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summand of W. Hence .Y has local length 1 if and only if every xi has 
rank 1, and so 
L=L,+ ... +L,,. 
Let A, B be subsets of Hom,( V, W), such that A u {0}, Bu (0) are 
closed under multiplication by elements of K, and A + B = L. If A ;, Bi 
are the projections of A, B in Hom,,( I’,, W,), then Ai u {0}, Bi u (0) are 
closed under multiplication by elements of K, and A, + Bi= Li. By 
Proposition 2.1, for each i, either Ai= Li and Bi= (0) or Ai= (0) and 
B, = L,. It follows that A is contained in the sum A’ of some of the Li, and 
B is contained in the sum B’ of the others. Since L = A + B, and each 
element of L has a unique expression as a sum of an element of A’ and an 
element of B’, it follows that A = A’ and B= B’. This proves the 
proposition. 
We call a subset A of Hom,( V, W) a summand of L if A u (0) is closed 
under multiplication by elements of K and there exists a subset B such that 
B u { 0) is closed under multiplication by elements of K, and L = A + B. 
We say that A is indecomposable if A # {0}, and A is not the sum of any 
two nonzero summands of L. Then the proposition shows that the L, are 
precisely all the indecomposable summands of L. 
If I is an ideal of an algebra R, we denote the image of K in R/I by K,. 
We now show that the local length 1 preserver problem over semisimple 
algebras has the standard solution, provided the K, are not very small. 
THEOREM 2.3. Let R, R’ he semisimple algebras, finitely generated as 
modules over a commutative ring K, and suppose that 1 K,I > 3, 1 KrI > 3, for 
all maximal ideals I, I’ of R, R’, respectively. Let V, W be finitely generated 
R-modules, and V, w’ finitely generated R’-modules, all of local length 
greater than 1. If f is a bijective K-linear map 
,f: Hom,( V, W) + Horn,& V’, IV’), 
such that f(s) has local length 1 tf and only tf x has local length 1, then 
there is a tM,ist (R’, V#, W”) of (R, V, W), a category equivalence 
F: R*-mod -+ RI-mod, and an isomorphism p: V’ + F( V# ), such that 
f(x)=F(T,#(x)) P, 
for all x in Hom,( V, W). 
Proof By Proposition 1.3 and the structure of semisimple algebras, we 
may assume that 
R=D,@ . ..@D., R’=D;@ ... @D:,, 
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where the D,, 0: are division algebras, IK. 1 D,I > 3, IZC. 1 D;I > 3. As 
remarked in Section 1, we may assume that T/Z W. As in Proposition 2.2, 
we have a decomposition of the set L of elements of local length 1 in 
Horn R( V, W, 
L=L,+ ... +L,, 
where L, is the set of elements of rank 1 in Hom,,( Vi, IV,), where Vi= DiV, 
W, = D, W. Similarly, if L’ is the set of elements of local length 1 in 
Horn,& v’, w’), then 
L’ = L; + ‘. . + Lh, 
where L: is the set of elements of rank 1 in Hom,;( Vi, W:), where 
V; = D;V’, W; = D;W’. 
By Proposition 2.2, f must map the indecomposable summands Li of L 
on the indecomposable summands L,! of L’. Hence m =n, and we may 
assume the notation chosen so that 
.a) = G, i = 1, . ..) n. 
Since the additive groups generated by Li, L: are Hom,,( Vi, W,), 
Hom.;( VI, W,!), it follows that 
f(Hom”,( V,, W,)) = Hom,;( V(, Wl). 
By [9], the standard solution holds for division algebras. For each i, we 
have one of the following two possibilities. 
(a) There exists an algebra isomorphism cri: Di-+ Di, and 
rri - semilinear isomorphisms gi: I/, + V,!, hi: W, -+ Wi, such that f(?ri) = 
h,x,g,:‘, for all xi in Hom,,( Vi, Wi). 
(b) There exists an algebra isomorphism rri: 0: -+ D:, and 
cr, - semilinear isomorphisms gi: WT + Vi, h,: V,? + W,!, such that f(xi) = 
h,xTg,: ‘, for all -xi in Hom,,( Vi, Wi). 
Let R, be the sum of the Di for which (a) holds, R, the sum of the Di for 
which (b) holds, and let R # = R, @ R:. We obtain a twist (R#, V#, W#) 
of (R, V, W). The maps Go, g,, hi can be put together to obtain an 
isomorphism CK R# + R’ and o-semilinear isomorphisms g: V# + V’, h: 
W# + IV’. We see that, for all x in Hom,( V, W), 
1 f(x) = hT,s(x) g- . 
By Proposition 1.2, we have the standard solution. This proves the 
theorem. 
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Remark. The same proof shows that the same conclusion holds for the 
bijective K-linear maps f such that f(x) has local length at most 1 if and 
only if x has local length at most 1. 
3. PRESERVERS OF SINGULAR TRANSFORMATIONS 
If V is a module over a ring R, and I is an ideal of R, then each element 
x of End,(V) induces an element x, of End.,,( V/D’). We say that x is 
locally singular if, for every maximal ideal Z of R, x1 is singular, that is, not 
injective. This property is preserved under Morita equivalence (cf. 
Proposition 1.1). 
We shall consider maps on End,(V) preserving the set of locally singular 
transformations, in the case when R is a semisimple algebra. In order to 
use the results of Section 2, we first obtain a characterization of transfor- 
mations of local length at most 1, in terms of locally singular transfor- 
mations. We begin with the case of a division algebra. 
LEMMA 3.1. Let D he a division algebra, V a left D-vector space, and x 
an element of End,( V). If y E End,(V), write 
E(x, y)= {~~K~Ax+yissingular}. 
(a) If x has rank at most 1, then, for all y in End,(V), either 
E(x, y) = K or IE(x, y) .l DI d 1. 
(b) Zf x has rank greater than 1, then there exists an element y of 
End,(V), such that E(x, y) . 1, = {O,, lD}. 
Proof: Suppose first that x has rank at most 1, and that there exist 
A,, A, in E(x, y), such that 1, . 1, #A,. 1,. Choose nonzero vectors u,, v2 
in the kernels of I, x + y, 2,x + y, respectively. If xui = 0, then yu, = 0 also, 
so that v, lies in ker(lx + y), for all I in K, and hence E(x, y) = K. The 
same holds if xv2 = 0. If xu, # 0, xv2 # 0, then x has rank 1, and 
xu2 = ,u(xv, ), for some p in D. If I E K, set 
v = (A-1,) pv, + (A, -A) 02. 
Then, xu=(A,-A,)xu,#O, (Ax+ y)v=O. Hence E(x, y)=K. 
Now suppose x has rank greater than 1. Let C, J be the kernel and 
image of x, respectively, and choose complements c’, J’ in V, 
V=C’QC=J@J’. 
Then x induces an isomorphism of C’ with J, and C is isomorphic with J’. 
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Let v be a nonzero element of C’. Choose an element y, of Horn&C’, J) of 
rank 1, such that y, u = -XV, let y, be any isomorphism of C with J’, and 
let y be the element of End& V) extending y, and y,. Since C’ has dimen- 
sion greater than 1, y is singular. Also, x + y is singular, since its kernel 
contains v. 
Suppose, conversely, that 2x + y is singular, and that 1~ is a nonzero 
element of its kernel. Then u’ E C’, and Ixw + y, u’ = 0. Since y, has rank 1, 
there exists an element c1 of D such that y, w = cr)l,u = - CLXV. Since x is 
injective on C’, it follows that ;Iw = UU. Now, 
a(A- l).uv=a(ll.uv+ y,u)=i(lxw+y,w)=O, 
so that i.l,= l,, or cr=O. If cc=O, then Ait!=O, so that A.l,=O,. This 
proves the lemma. 
To extend the lemma, we use a Chinese remainder theorem for linear 
transformations. If v is an element of an R-module V, and Z is an ideal of R, 
we denote by a, the corresponding element of the R/Z-module V, = V/IV. If 
y E Hom,( V, IV), then y, denotes the induced element of Hom.,,( V,, W,). 
PROPOSITION 3.2. Let A = {I,, . . . . I,,} be a finite set of ideals of R, such 
that I, + Z, = R, whenever i # j. Let V, W be R-modules, and suppose that V 
is projective. 
(a) Suppose that, for each Z in A, t(Z) is chosen in Wt. Then there 
exists an element w of W, such that w,= t(Z), for all Z in A. 
(b) Suppose that, for each Z in A, z(Z) is chosen in Hom.,,( V,, W,). 
Then there exists an element y of Hom,( V, W), such that y, = z(Z), for all Z 
in A. 
Proof (a) We use induction on n, the result being trivial when n = 1. 
Thus we may assume that we have found an element u of W, such that 
u,, = t(Z;), for 1 < i < n - 1. Choose v in W, such that v,” = t(Z,). By the 
ordinary Chinese remainder theorem, we can find elements a, /I, such that 
aEZ,nZ,n ... nZ,-,, /IEZ”, a + fi = 1. Then w = /?u + au satisfies the 
desired condition. 
(b) By the dual basis theorem for projective modules, there exist 
families {v,}, {vi”} in V, V*, such that, for all v in V, v=C v:(v) ui. Let 
ti(Z) = z(Z)(v,),, an element of Wt. By (a), we can choose wi in W, such that 
(wi),= ti(Z), for all Z in A. Then 
yv = c v;(v) wi 
defines an element y of Hom,( V, W), such that y, = z(Z), for all Z in A. This 
proves the proposition. 
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If I is an ideal of an algebra R, ,l E K, and A c K, we write I,, A, for the 
images of 2, A in R/I. 
LEMMA 3.3. Suppose that R is an algebra with only finitely many 
maximal ideals, and suppose that, for every maximal ideal I, R/I is a division 
algebra, and [K,\ 3 3. Let V be a projective R-module of local length greater 
than 1, and x an element of End,( V), whose image is a direct summand of I/. 
If y E End,(V), let 
E(x, y ) = {A E K 11.x + y is locally singular }. 
(a) If x has local length at most 1, then, for every element y of 
End,(V), either E(x, ~1) = K or there exists a maximal ideal I of R, such that 
IE(.u, ?,),I d 1. 
(b) If x does not have local length at most 1, then there exists an 
element y of End,( V), such that E(x, y) # K, and 1 E(x, y),l 2 2, for every 
maximal ideal I of R. 
Proof. If x has local length at most 1, then x, has rank at most 1, for 
every maximal ideal I of R, and Lemma 3.1 gives the desired result. 
If x does not have local length at most 1, let 52 be the nonempty set of all 
the maximal ideals I of R such that x, has rank greater than 1. For I in Q, 
we use Lemma 3.1 to choose an element t(I) of End.,,( V,), such that 
AX, + t(I) is singular if and only if I,= 0 or 1. If I is a maximal ideal not in 
Q, we set t(I) = 0. By Proposition 3.2, choose an element y of End,. V), 
such that y,= t(I) for every I. Then E(x, y) contains 0 and 1, but, for each 
I in R, E(.u, y), contains only 0 and 1, so that E(.x, y) # K. This proves the 
lemma. 
THEOREM 3.4. Let R be a semisimple algebra, finitely generated as a 
module over a commutative ring K, and suppose that [Kt[ > 3, for every 
maximal ideal I of R. Let V be a finite!y generated R-module of local length 
greater than 1, and let f be a btjective K-linear map of End,(V) on itself 
such that f(x) is locally singular if and only tf x is locally singular. 
Then there exist a twist (R ‘, V# ) of (R, V), a category equivalence 
F: R # -mod + R-mod, and an isomorphism p: V -+ F( V# ). such that 
f(x)=F(T,w(x))p, 
for all x in End,( V). 
Proof As in the proof of Theorem 2.3, we may assume that R is a 
direct sum of finitely many division algebras, since our problem is invariant 
under Morita equivalence. By the characterization of transformations of 
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local length at most 1 given in Lemma 3.3,fpreserves the set of such trans- 
formations, since E(f(.u), f(y)) = E(x, y). Now Theorem 2.3 (or, rather, 
the remark following the proof of Theorem 2.3) applies to give the result. 
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